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Abstract
Natural metrics (Sasaki metric, Cheeger-Gromoll metric, Kaluza-Klein metrics etc.. ) on the
tangent bundle of a Riemannian manifold is a central topic in Riemannian geometry. Generalized
Cheeger-Gromoll metrics is a family of natural metrics hp,q depending on two parameters with
p ∈ R and q ≥ 0. This family has been introduced recently and possesses interesting geometric
properties. If p = q = 0 we recover the Sasaki metric and when p = q = 1 we recover
the classical Cheeger-Gromoll metric. A transitive Euclidean Lie algebroid is a transitive Lie
algebroid with an Euclidean product on its total space. In this paper, we show that natural metrics
can be built in a natural way on the total space of transitive Euclidean Lie algebroids. Then we
study the properties of generalized Cheeger-Gromoll metrics on this new context. We show a
rigidity result of this metrics which generalizes so far all rigidity results known in the case of
the tangent bundle. We show also that considering natural metrics on the total space of transitive
Euclidean Lie algebroids opens new interesting horizons. For instance, Atiyah Lie algebroids
constitute an important class of transitive Lie algebroids and we will show that natural metrics on
the total space of Atiyah Euclidean Lie algebroids have interesting properties. In particular, if M
is a Riemannian manifold of dimension n, then the Atiyah Lie algebroid associated to the O(n)-
principal bundle of orthonormal frames over M possesses a family depending on a parameter
k > 0 of transitive Euclidean Lie algebroids structures say AO(M, k). When M is a space form
of constant curvature c, we show that there exists two constants Cn < 0 and K(n, c) > 0 such that
(AO(M, k), h1,1) is a Riemannian manifold with positive scalar curvature if and only if c > Cn
and 0 < k ≤ K(n, c).
Keywords: Generalized Cheeger-Gromoll metrics, Transitive Lie algebroids, Atiyah Lie al-
gebroids
1. Introduction and main results
Let (M, 〈 , 〉TM) be a Riemannian manifold of dimension n, πE : E −→ M a vector bundle
of rank r endowed with an Euclidean product 〈 , 〉E and ∇E a linear connection on E which
Preprint submitted to Elsevier August 6, 2018
preserves 〈 , 〉E . Denote by K : TE −→ E the connection map of ∇E locally given by
K

n∑
i=1
bi∂xi +
r∑
j=1
Z j∂µ j
 =
r∑
l=1
Zl +
n∑
i=1
r∑
j=1
biµ jΓ
l
i j
 el,
where (x1, . . . , xn) is a system of local coordinates, (e1, . . . , er) is a basis of local sections of E,
(xi, µ j) the associated system of coordinates on E and ∇E∂xi e j =
∑r
l=1 Γ
l
i j
el. Then
TE = ker dπE ⊕ kerK.
Let R∇
E
(X, Y) = ∇E
[X,Y]
−
(
∇E
X
∇E
Y
− ∇E
Y
∇E
X
)
be the curvature tensor of ∇E .
We define on E a family of Riemannian metrics depending on two parameters q ≥ 0 and
p ∈ R by putting
hp,q(A, B) = 〈dπE(A), dπE(B)〉TM+ 1
(1 + |a|2)p (〈K(A),K(B)〉E + q〈K(A), a〉E〈K(B), a〉E) , A, B ∈ TaE.
These metrics, known as generalized Cheeger-Gromoll metrics, has been introduced and studied
in [6, 5]. The original Cheeger-Gromoll metric [9, 15] corresponds to p = q = 1 and h0,0 is the
Sasaki metric [17]. The main property of these metrics is that πE : E −→ M is a Riemannian
submersion with totally geodesic fibers and its O’Neill shape tensor is entirely determined by
the curvature of ∇E . Note that generalized Cheeger-Gromoll metrics constitute a subclass of the
class of Kaluza-Klein metrics studied in [19, 20] which is a subclass of g-metrics called also
natural metrics introduced in [12] (see also [1, 2]). For a historical review of natural metrics on
the tangent bundle of a Riemannian manifold one can see [4].
This paper has two goals. The first one is to complete the study initiated in [5] by giving new
results on the rigidity of these metrics. Indeed, in Section 2 we will prove the following result.
Theorem 1.1. The scalar curvature sE of (E, hp,q) is constant if and only if the curvature R
∇E of
∇E vanishes, (p, q) ∈ {(0, 0), (2, 0)} and the scalar curvature sM of M is constant. Moreover,
1. if (p, q) = (0, 0), R∇
E
= 0 and sM is constant then sE = sM ◦ πE ,
2. if (p, q) = (2, 0), R∇
E
= 0 and sM is constant then sE = sM ◦ πE + 4r(r − 1),
and in both cases, E is locally the Riemannian product of M and the fiber.
When E = TM, 〈 , 〉TM = 〈 , 〉E and ∇E is the Levi-Civita connection of 〈 , 〉TM we get the
following result which is new and completes the results obtained in [5].
Corollary 1.1. The scalar curvature sTM of (TM, hp,q) is constant if and only if one of the
following holds:
1. (p, q) = (0, 0), RM = 0 and in this case (TM, hp,q) is flat.
2. (p, q) = (2, 0), RM = 0 and sTM = 4n(n − 1) > 0.
Note that all the classical rigidity results of the Sasaki metric can be derived from Corollary
1.1. On the other hand, R∇
E
= 0 if and only if the O’Neill shape tensor of the Riemannian
submersion π : (E, hp,q) −→ (M, 〈 , 〉TM) vanishes which is equivalent to E being locally the
Riemannian product of M and the fiber. So, Theorem 1.1 can be stated a follows: (E, hp,q)
has constant scalar curvature if and only if E is locally the Riemannian product of M and the
fiber, M has constant scalar curvature and the fiber has constant scalar curvature. We will show
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in Lemma 2.1 that the restriction of hp,q to a fiber has constant scalar curvature if and only if
(p, q) ∈ {(0, 0), (2, 0)}. In conclusion, Theorem 1.1 is a strong rigidity result since it cuts all hope
of building interesting examples of locally symmetric spaces, Einstein manifolds and so on, by
using generalized Cheeger-Gromoll metrics on E.
To our knowledge, even if one can define natural metrics in the general sitting of an Euclidean
bundle over a Riemannian manifold, only the case of the tangent bundle has been considered so
far except in [6] where harmonic sections of Euclidean bundles have been considered. The
reason is the difficulty of finding interesting examples. It is easy to build an Euclidean bundle
E −→ M over a Riemannian manifold but it is more difficult to find a connexion on E which
preserves the Euclidean product and it is far more difficult to find one which has some link
to the geometry of the Riemannian manifold M. Our second goal in this paper is to remedy
this situation and introduce a large class of Euclidean bundles where natural metrics can be
defined and have interesting properties. Indeed, the first author has introduced Riemannian Lie
algebroids in [8] (we use in this paper the terminology Euclidean instead of Riemannian) and
has shown that the analogous of Sasaki metric can be build on the total space A of a Riemannian
transitive Lie algebroid. More precisely, it has been shown that TA splits into a vertical part
and a horizontal one and it is what one needs to build natural metrics. The construction of
this splitting in [8] is based on the properties of connections in the context of Lie algebroids.
But, when we started studying generalized Gromoll-Cheeger metrics on transitive Riemannian
Lie algebroids, we noticed that they constitute a particular case of generalized Gromoll-Cheeger
metrics on Euclidean vector bundles introduced above. Let us give more details on this now.
Let πA : A −→ M be a vector bundle endowed with an Euclidean product 〈 , 〉A. Suppose
that A carries a structure of transitive Lie algebroid, i.e., a surjective bundle homomorphism
ρ : A −→ TM, a structure of real Lie algebra [ , ]A on Γ(A) such that
[a, f b]A = f [a, b]A + ρ(a)( f )b, a, b ∈ Γ(A), f ∈ C∞(M).
We call (A, 〈 , 〉A, ρ, [ , ]A) a transitive Euclidean Lie algebroid. If G = ker ρ then πG : G −→ M
is a Lie algebroid with vanishing anchor called the adjoint Lie algebroid of A and we have an
exact sequence of Lie algebroids called Atiyah sequence
0 −→ G −→ A ρ−→ TM −→ 0. (1)
There are two important objects naturally associated to (A,M, ρ, 〈 , 〉A).
1. The analogous of the Levi-Civita connection. Indeed, the Koszul formula
2〈Dab, c〉A = ρ(a).〈b, c〉A + ρ(b).〈a, c〉A − ρ(c).〈a, b〉A (2)
+〈[c, a]A, b〉A + 〈[c, b]A, a〉A + 〈[a, b]A, c〉A, a, b, c ∈ Γ(A)
defines a linear A-connection which is characterized by the fact that D is metric, i.e.,
ρ(a).〈b, c〉A = 〈Dab, c〉A + 〈b,Dac〉A andD is torsion free, i.e.,Dab −Dba = [a, b]A.
The connection D is well-known as the Levi-Civita A-connection associated to the Rie-
mannian metric 〈 , 〉A. The reader can consult [8, 10] for a detailed study of connections
on Lie algebroids.
2. A splitting of the Atiyah sequence of A. Indeed, For any x ∈ M, we denote by G⊥x the
orthogonal of Gx with respect to 〈 , 〉A thus
A = G ⊕ G⊥.
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The restriction of ρ to G⊥ is an isomorphism onto TM and its inverse γ : TM −→ G⊥
defines a splitting of the Atiyah sequence.
From these two objects one can extract the necessary ingredients for defining natural metrics
and, in particular, generalized Cheeger-Gromoll metrics on A. Indeed, we have a Riemannian
metric on M and a connection ∇A on A given by
〈X, Y〉TM = 〈γ(X), γ(Y)〉A and ∇AXa = Dγ(X)a, X, Y ∈ Γ(TM), a ∈ Γ(A),
and since D is metric, ∇A preserves 〈 , 〉A. The curvature of ∇A plays an important role in
the study of the geometry of generalized Cheeger-Gromoll metrics on A. It depends on the Lie
algebroid structure and on the metric 〈 , 〉A. So we call it principal curvature of the transitive
Euclidean Lie algebroid A.
There are many reasons why generalized Cheeger-Gromoll metrics on transitive Euclidean
Lie algebroids are interesting:
1. They generalize naturally generalized Cheeger-Gromoll metrics on the tangent space of a
Riemannian manifold. The tangent space of a Riemannian manifold has a natural structure
of transitive Euclidean Lie algebroid.
2. When a transitive Euclidean Lie algebroid A is endowed with a generalized Cheeger-
Gromollmetric hp,q, the O’Neill shape tensor of the Riemannian submersion πA : (A, hp,q) −→
(M, 〈 , 〉TM) is encoded in the principal curvature of A and can be computed explicitly (see
Proposition 3.2). It involves the curvature of M and on the Lie algebroid structure. So the
geometry of (A, hp,q) is deeply linked to the geometry of (M, 〈 , 〉TM) and the Lie alge-
broid structure as one can see in Proposition 3.3 where we show that the vanishing of the
principal curvature has drastic consequences on (M, 〈 , 〉TM) and the Lie algebroid.
3. There is a large class of transitive Lie algebroids, namely, Atiyah Lie algebroids associated
to principal bundles (see [13]). Euclidean Atiyah Lie algebroid turn out to be interesting
and we devote Section 4 to give a precise description of them.
4. To any Riemannian manifold (M, 〈 , 〉TM) we can associate canonically a transitive Lie
algebroid. Indeed, the O(n)-principal bundle of orthonormal frames over M has an as-
sociated Atiyah Lie algebroid. We will show in Section 4 that this Lie algebroid can be
identified with TM ⊕ so(TM) where so(TM) = ⋃x∈M so(TxM) and so(TxM) is the Lie
algebra of skew-symmetric endomorphisms of TxM. The Lie bracket [ , ]A and the anchor
ρ are given by
[X + F, Y +G]A = [X, Y] +
{
∇MX (G) − ∇MY (F) + [F,G] − RM(X, Y)
}
, ρ(X + F) = X,
X, Y ∈ Γ(TM), F,G ∈ Γ(so(TM)),
where ∇M is the Levi-Civita connection of M and RM is its curvature. Moreover, this Lie
algebroid can be endowed with a family of Euclidean products 〈 , 〉k given by
〈X + F, Y +G〉k = 〈X, Y〉TM − ktr(F ◦G).
We denote by AO(M, k) the Lie algebroid TM ⊕ so(TM) endowed with the Euclidean
product 〈 , 〉k.
Our second main result can be compared to the main result obtained in [11]. We recall this
result in order to give the reader a possibility of comparing it to ours.
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Theorem 1.2 ([11]). Let (M, 〈 , 〉TM) be a Riemannian manifold of dimension n and of
constant sectional curvature c. Then
(a) If n = 2 then there exists a constant C2 ≥ 40 such that (TM, h1,1) has positive scalar
curvature if and only if c ∈ (0,C2).
(b) If n > 2 then there exists two constants Cn ≥ 60 and cn < 0 such that (TM, h1,1) has
positive scalar curvature if and only if c ∈ (cn,Cn).
We can state now our second main result and one can see that the conditions on the curva-
ture in our result are far less restrictive than those in Theorem 1.2.
Theorem 1.3. Let (M, 〈 , 〉TM) be a Riemannian manifold of dimension n with constant
sectional curvature c. Then
(i) If c = 0 then for any k > 0, (AO(M, k), h1,1) has positive scalar curvature.
(ii) If c , 0 and n = 2 then (AO(M, k), h1,1) has positive scalar curvature if and only if
c > 2(1 −
√
2) ≃ −0, 82 and 0 < k ≤ 2(c+2
√
1+c)
c2
.
(iii) If c , 0 and n ≥ 3 then (AO(M, k), h1,1) has positive scalar curvature if and only if
c >
2(a −
√
a2 + bd)
d
= Cn and 0 < k ≤ 2(cd + 2
√
d
√
b + ac)
dc2
= K(n, c),
where a = n(n− 1), b = (r− 1)(r− 2), d = 4(n− 2) and r = n(n+1)
2
. Moreover, Cn < 0,
K(n, c) > 0 and, for instance,
C3 ≃ −2, 3,C4 ≃ −3, 7,C5 ≃ −5, 1,C6 ≃ −6, 6,C20 ≃ −39, 7.
Finally, this work opens new horizons, namely, it gives the basis of further study of all kind of
natural metrics (studied on the tangent bundle of a Riemannian manifolds) on the total spaces of
transitive Euclidean Lie algebroids.
The paper is organized as follows. In Section 2, we give the main properties of generalized
Cheeger-Gromollmetrics on the total space of an Euclidean vector bundle, we prove Theorem 1.1
and we derive some of its corollaries. In Section 3, we give a complete description of transitive
Euclidean Lie algebroids (see Theorem 3.1), we compute their principal curvature and we give
the geometrical consequences of its vanishing. Section 4 is devoted to the characterization of
Atiyah Euclidean Lie algebroids (see Corollary 4.1). In Section 5, we prove Theorem 1.3.
2. Generalized Cheeger-Gromoll metrics on the total space of Euclidean vector bundles
and their rigidity
Generalized Cheeger-Gromoll metrics on the tangent space of a Riemannian manifold were
introduced and studied in [5]. In this section, we consider a more general sitting, namely, general-
ized Cheeger-Gromoll metrics on the total space of Euclidean vector bundles over a Riemannian
manifold. We will show that these metrics are rigid recovering some classical results and es-
tablishing other ones which are new even in the classical case of generalized Cheeger-Gromoll
metrics on the tangent bundle.
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2.1. Definitions and immediate properties
Let (M, 〈 , 〉TM) be a n-dimensional Riemannian manifold and πE : E −→ M a vector bundle
of rank r endowed with an Euclidean product 〈 , 〉E . We suppose that there exists a linear
connection ∇E on E for which 〈 , 〉E is parallel. We denote by (x, a) an element of Ex. For any
(x, a) ∈ E there exists an injective linear map h(x,a) : TxM −→ T(x,a)E given in a coordinates
system (xi, β j) associated to a local trivialization (s1, . . . , sr) of E around x by
h(x,a)(x, u) =
n∑
i=1
ui∂xi −
r∑
k=1

n∑
i=1
r∑
j=1
uiβ jΓ
k
i j
 ∂βk , (3)
where
u =
n∑
i=1
ui∂xi , ∇E∂xi s j =
r∑
k=1
Γ
k
i jsk and a =
r∑
i=1
βisi.
Moreover, ifH(x,a)E denotes the image of h(x,a) then
TE = VE ⊕HE, (4)
whereVE = ker dπE .
For any α ∈ Γ(E) and for any X ∈ Γ(TM), we denote by αv ∈ Γ(TE) and Xh ∈ Γ(TE)
the vertical and horizontal vector field associated to α and X. The flow of αv is given by
Φ
α(t, (x, a)) = a + tα(x) and Xh is given by Xh(x, a) = h(x,a)(X(x)). To prove the following
proposition one can mimic the well-known proof in the case where E = TM, 〈 , 〉E = 〈 , 〉TM
and ∇E is the Levi-Civita connection of 〈 , 〉TM .
Proposition 2.1. For any X, Y ∈ Γ(TM), α, β ∈ Γ(E),
[αv, βv] = 0, [Xh, αv] = (∇EXα)v and [Xh, Yh]((x, a)) = [X, Y]h((x, a)) + (R∇
E
(X, Y)a)v,
where R∇
E
is the curvature of ∇E given by R∇E (X, Y) = ∇E
[X,Y]
−
(
∇E
X
∇E
Y
− ∇E
Y
∇E
X
)
.
The generalized Cheeger-Gromollmetrics is a family of Riemannian metrics on E depending
on two parameters p ∈ R and q ≥ 0 and given by
hp,q(X
h, Yh) = 〈X, Y〉TM ◦ πE , hp,q(Xh, αv) = 0, α, β ∈ Γ(E), X, Y ∈ Γ(TM),
hp,q(α
v, βv)((x, a)) = (1 + |a|2)−p (〈α, β〉E + q〈α, a〉E〈β, a〉E) . (5)
We will denote by ωq(a) =
1
1+q|a|2 with ω1 = ω.
Note that h0,0 is the Sasaki metric, h1,1 is the classical Cheeger-Gromoll metric and h2,0 is the
stereographic metric.
To compute the Riemannian invariants of (E, hp,q) (Levi-Civita connection and the different
curvatures), we will use the following facts:
(i) The projection πE : (E, hp,q) −→ (M, 〈 , 〉TM) is a Riemannian submersion with totally
geodesic fibers and hence the different Riemannian invariants can be computed by using
O’Neill formulas (see [7, chap. 9]). Here the O’Neill shape tensor, say B, is given by the
expression of [Xh, Yh]. So, by virtue of Proposition 2.1, we get
BXhY
h((x, a)) =
1
2
V[Xh, Yh] = 1
2
(R∇
E
(X, Y)a)v. (6)
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(ii) O’Neill’s formulas involve the Riemannian invariants of (M, 〈 , 〉TM), the tensor B and the
Riemannian invariants of the restriction of hp,q to the fibers. The latest have been computed
in [5] and we will use them.
Based on these facts, the Levi-Civita connection ∇¯ of (E, hp,q) is given by
∇¯XhYh = (∇MX Y)h + BXhYh, ∇¯Xhαv = (∇EXα)v + BXhαv, ∇¯αvXh = BXhαv,
(∇¯αvβv)(a) = −pω(a)[〈α, a〉Eβ + 〈β, a〉Eα]v + (pω(a) + q)ωq(a)〈α, β〉EU(a)
+pqω(a)ωq(a)〈α, a〉E〈β, a〉EU(a),
hp,q(BXhα
v, Yh) = −hp,q(BXhYh, αv), U(a) = av.
The expression of ∇¯αvβv has been computed in [5, Proposition 2.2].
Remark 1. If B = 0, from the relations above we can see that bothVE and,HE are parallel and
according to de Rham’s holonomy theorem, (E, hp,q) is, at least locally, the Riemannian product
M × Ex. Thus R∇E = 0 if and only if (E, hp,q) is locally the Riemannian product of M and the
fiber.
The following formulas we will use later were established in [5, Propositions 2.4, 2.9 and
2.11].
Proposition 2.2. We denote by Kv, ricv and sv respectively the sectional curvature, the Ricci
curvature and the scalar curvature of the restriction of hp,q to the fibers of E. Put
F = pωωq((p + 2q − 2)ω − q) and G = (p2ω2 − p(p − 2)ω + q)ωq.
Then:
(i) if α, β ∈ E such that 〈α, α〉E = 〈β, β〉E = 1 and 〈α, β〉E = 0 then
Kv(αv, βv) =
ω−p
1 + q(〈α, a〉2
E
+ 〈β, a〉2
E
)
(F(a)(〈α, a〉2E + 〈β, a〉2E) +G(a)).
(ii) For any α, β ∈ Γ(E),
ric(αv, βv)(a) = (|a|2ωq(a)F(a)+(r−2+ωq(a))G(a))〈α, β〉E+((r−1−ωq(a))F(a)+qωq(a)G(a))〈α, a〉E〈β, a〉E .
(iii) sv(a) = f (|a|2) where
f (t) =
(r − 1)(1 + t)p
(1 + qt)2(1 + t)2
(
et3 + bt2 + ct + d
)
,
e = q2(r − 2), b = q((2 − r)p2 + 2 (r − 3)p + 2 (r − 2)q + r),
c = (2 − r)p2 + 2 (r − 1)pq + (r − 2)q2 + 2 (r − 2)p + 2 rq, d = r(2p + q).
Proof. The expressions of the sectional curvature and the Ricci curvature are given in [5, Propo-
sition 2.4 and Proposition 2.9]. For the scalar curvature we have expanded the expression given
in [5, Proposition 2.11]. Indeed, the scalar curvature sv is given in [5, Proposition 2.11] by
sv = (r − 1)ω−p(2α − (r − 2)G) and α = |a|2ωqF + (r − 2 + ωq)G.
When we expand this expression we get the desired formula.
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2.2. Rigidity of Cheeger-Gromoll metrics on the total space of Euclidean vector bundles
In this section, we give a precise image of what one can expect from generalized Cheeger-
Gromoll metrics on the total space of an Euclidean vector bundle in term of constance of different
curvatures (scalar, Ricci or sectional curvature) or local symmetry.
Through this subsection πE : E −→ M is an Euclidean vector bundle over a Riemannian
manifold and ∇E a linear connection on E which preserves 〈 , 〉E .
Corollary 2.5 in [5] asserts that when E = TM the only generalized Cheeger-Gromoll metric
with flat fibers is the Sasaki metric h0,0. The following lemma gives a far more accurate assertion.
Lemma 2.1. The scalar curvature sv of the restriction of hp,q to a fiber Ex is constant if and only
if (p, q) = (0, 0) or (p, q) = (2, 0). If (p, q) = (0, 0) then the fibers are flat and if (p, q) = (2, 0)
then they have constant scalar curvature 4r(r − 1).
Proof. According to Proposition 2.2, we have sv(a) = f (|a|2). A direct computation using the
software Sage gives
f ′(t) =
(r − 1)(1 + t)p
(1 + qt)3(1 + t)3
(
a1t
4
+ b1t
3
+ c1t
2
+ d1t + e
)
where
a1 = (r − 2)(p − 1)q3,
b1 = −
(
rp3 − 4 rp2 − 2 p3 − 2 rpq + 2 rp + 10 p2 + 3 rq + 4 pq + r − 10 p − 6 q + 2
)
q2,
c1 = −2 rp3q + 2 rp2q2 + rpq3 + 7 rp2q + 4 p3q − 2 rpq2 − 2 p2q2 − 3 rq3 − 2 pq3 − 5 rpq − 16 p2q
−3 rq2 + 2 pq2 + 6 q3 + 12 pq − 6 q2,
d1 = −rp3 + 3 rp2q − rq3 + 3 rp2 + 2 p3 − 6 rpq − 3 rq2 + 2 q3 − 2 rp − 6 p2 − 6 pq − 6 q2 + 4 p,
e1 =
(
p2 − pq − q2 − 2 p
)
(r + 2).
So sv is constant if and only if a1 = b1 = c1 = d1 = e1 = 0. Or a1 = 0 iff q = 0 or p = 1. If
p = 1 we replace in e1 and we get q
2
+ q + 1 = 0 which is impossible. So q = 0 and p , 1. Then
a1 = b1 = c1 = 0, d1 = (2 − r)p(p − 2)(p − 1) and e1 = (r + 2)p(p − 2) and the result follows.
The last statement is a consequence of Proposition 2.2 (i).
We can give now a proof of Theorem 1.1.
Proof. According the O’Neill formulas (see [7, pp.244]) and the expression of the scalar curva-
ture of the restriction of hp,q to the fibers given in Proposition 2.2, we have
sE (x, a) = sM(x) + f (|a|2) −
∑
i, j
hp,q(BXh
i
Xhj , BXhi
Xhj ),
where
f (t) =
(r − 1)(1 + t)p
(1 + qt)2(1 + t)2
(
q2(r − 2)t3 + bt2 + ct + d
)
,
b = q((2 − r)p2 + 2 (r − 3)p + 2 (r − 2)q + r),
c = (2 − r)p2 + 2 (r − 1)pq + (r − 2)q2 + 2 (r − 2)p + 2 rq, d = r(2p + q).
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and (X1, . . . , Xn) is a local frame of orthonormal vector field on M. Now
hp,q(BXh
i
Xhj , BXhi
Xhj ) =
1
4(1 + |a|2)p 〈R
∇E (Xi, X j)a,R∇
E
(Xi, X j)a〉E .
Note that we have used here the fact that 〈R∇E (Xi, X j)a, a〉E = 0 which is a consequence of the
fact that ∇E preserves 〈 , 〉E . We deduce that
sE(x, a) = sM(x) + f (|a|2) − ξ(a, a)
4(1 + |a|2)p ,
where ξ is the symmetric 2-form on E given by
ξ(a, b) =
∑
i, j
〈R∇E (Xi, X j)a,R∇E(Xi, X j)b〉E , a, b ∈ Γ(E).
If ((p, q) = (0, 0), R∇
E
= 0 and sM is constant) or ((p, q) = (2, 0), R∇
E
= 0 and sM is constant)
then, according to Lemma 2.1, f is constant and hence sE is constant.
Suppose now that sE is constant. Since ξ(0, 0) = 0 and f (0) = r(r − 1)(2p + q) we get
sE − sM ◦ πA = r(r − 1)(2p + q)
and hence sM is constant.
If R∇
E
= 0 then sv is constant and, according to Lemma 2.1, (p, q) = (0, 0) or (p, q) = (2, 0).
If (p, q) = (0, 0) or (p, q) = (2, 0) then f is constant and then |B|2 is constant and since
ξ(0, 0) = 0 then R∇
E
= 0.
Suppose now R∇
E
, 0, (p, q) , (0, 0) and (p, q) , (2, 0). So ξ , 0 and we can choose a such
that ξ(a, a) , 0 and |a| = 1. For any t ∈ R,
sE(ta) − sM ◦ πA(ta) = f (t2) − ξ(a, a)t
2
4(1 + t2)p
= r(r − 1)(2p + q).
Thus
f (t) − ξ(a, a)t
4(1 + t)p
= r(r − 1)(2p + q), ξ(a, a) > 0, t ≥ 0. (E)
Suppose that p > 1. Then (p > 1 and p , 2) or (p = 2 and q , 0) and hence
lim
t−→∞
t
(1 + t)p
= 0 and lim
t−→∞
f (t) = +∞,
which is impossible by virtue of (E).
Suppose now that p < 1. Then (p < 1 and p , 0) or (p = 0 and q , 0) and hence
lim
t−→∞
t
(1 + t)p
= +∞ and lim
t−→∞
f (t) = 0,
which is impossible by virtue of (E).
Let finish by showing that the case p = 1 is also impossible. Indeed, if p = 1 then, by taking
the derivative of (E), we get
(r − 1)
(1 + qt)3(1 + t)2
(
b1t
3
+ c1t
2
+ d1t + e1
)
− ξ(a, a) 1
(1 + t)2
= 0,
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where
b1 = −(r − 2)q3, c1 = −(2 rq + 3 r − 4 q + 6)q2, d1 = −
(
(r − 2)q2 + 3(r + 2)q + 3r + 6
)
q,
e1 = −
(
q2 + q + 1
)
(r + 2).
For t = 0 we get ξ(a, a) = (r − 1)e1 < 0 which it is impossible. This achieves to prove the first
part of the theorem.
On the other hand, if ((p, q) = (0, 0), R∇
E
= 0 and sM is constant) then sE = sM ◦ πA. On the
other hand, if ((p, q) = (2, 0), R∇
E
= 0 and sM is constant) then sE = sM ◦ πE + 4r(r − 1).
According to Remark 1, R∇
E
= 0 if and only if (E, hp,q) is locally the Riemannian product of
M with the fiber. From this and Theorem 1.1, one can easily deduce the following corollaries.
Corollary 2.1. (E, hp,q) is an Einstein manifold with Einstein constant λ if and only if one of the
following situations occurs:
1. (p, q) = (0, 0), R∇
E
= 0, λ = 0 and (M, 〈 , 〉TM) is Ricci flat;
2. (p, q) = (2, 0), R∇
E
= 0, λ = 4(r−1) and (M, 〈 , 〉TM) is an Einstein manifold with Einstein
constant 4(r − 1).
When E = TM, 〈 , 〉TM = 〈 , 〉E and ∇E is the Levi-Civita connection of 〈 , 〉TM we get the
following result which precises Corollary 2.10 in [5].
Corollary 2.2. (TM, hp,q) is an Einstein manifold if and only if (p, q) = (0, 0) and R
M
= 0 and
in this case (TM, hp,q) is flat.
Corollary 2.3. (E, hp,q) is locally symmetric if and only if R
∇E
= 0, (p, q) ∈ {(0, 0), (2, 0)} and M
is locally symmetric.
Corollary 2.4. (TM, hp,q) is locally symmetric if and only if (p, q) ∈ {(0, 0), (2, 0)} and RM = 0.
The following corollary is a consequence of O’Neill formulas and Theorem 1.1.
Corollary 2.5. The following assertions are equivalent:
1. (E, hp,q) has constant sectional curvature.
2. The curvature of (E, hp,q) vanishes.
3. p = q = 0, RM = 0 and R∇
E
= 0.
3. Transitive Euclidean Lie algebroids and their principal curvature
In this section, we consider a transitive Lie algebroid (A,M, ρ) and an Euclidean product
〈 , 〉A on A. We will show that we can define canonically a Riemannian metric 〈 , 〉TM on M and
a connection ∇A on A which preserves 〈 , 〉A. Hence, according to the last section, we can define
the family of generalized Cheeger-Gromoll metrics on A. The O’Neill shape tensor of these
metrics is given by the curvature of ∇A. We compute this curvature to discover that it depends
on the Lie algebroid structure and the curvature of M and hence encompasses a rich geometrical
situation.
10
A Lie algebroid over a smooth manifold M is a vector bundle πA : A −→ M together with a
R-Lie algebra structure [ , ]A on Γ(A) and a vector bundle homomorphism ρ : A −→ TM called
anchor such that, for any a, b ∈ Γ(A) and for any f ∈ C∞(M), we have the Leibniz identity
[a, f b]A = f [a, b]A + ρ(a)( f )b. (7)
An immediate consequence of this definition is that the induced map ρ : Γ(A) −→ Γ(TM) is a Lie
algebra homomorphism and for any x ∈ M, there is an induced Lie bracket onGx = Ker(ρx) ⊂ Ax
which makes it into a Lie algebra.
In this paper, we deal mostly with transitive Lie algebroids, i.e., Lie algebroids (A,M, ρ) such
that ρ is surjective. In this case if G = ker ρ then πG : G −→ M is a Lie algebroid with vanishing
anchor called the adjoint Lie algebroid of A and we have an exact sequence of Lie algebroids
called Atiyah sequence
0 −→ G −→ A ρ−→ TM −→ 0. (8)
We denote by [ , ]G the induced Lie bracket on Γ(G).
A splitting of A is a splitting of the Atiyah sequence, i.e., a vector bundle homomorphism
γ : TM −→ A such that ρ ◦γ = IdTM . This determines a connection ∇γ on G and Ωγ ∈ Ω2(M,G)
(the curvature of γ) by
∇γ
X
U = [γ(X),U]A and Ω
γ(X, Y) = γ([X, Y]) − [γ(X), γ(Y)]A, X, Y ∈ Γ(TM),U ∈ Γ(G).
(9)
The following relations are immediate consequences of the Jacobi identity applied to [ , ]A:
∇γ
X
[U,V]G = [∇γXU,V]G + [U,∇γXV]G, (10)
R∇
γ
(X, Y)U := ∇γ
[X,Y]
U − ∇γ
X
∇γ
Y
U + ∇γ
Y
∇γ
X
U = [Ωγ(X, Y),U]G, (11)
d∇
γ
Ω
γ(X, Y, Z) :=
∮ (
∇γ
X
Ω
γ(Y, Z) −Ωγ([X, Y], Z)
)
= 0, (12)
where
∮
stands for the cyclic sum, U,V ∈ Γ(G) and X, Y, Z ∈ Γ(TM). As a consequence of (10),
one can deduce that if x, y ∈ M and µ a path joining x to y then the parallel transport along µ with
respect to ∇γ, τµ : Gx −→ Gy is an isomorphism of Lie algebras. So if M is connected then the
fibers of G are isomorphic as Lie algebras.
Conversely, given a Lie algebroid πG : G −→ M with vanishing anchor, a connection ∇ on G
and Ω ∈ Ω2(M,G) satisfying (10)-(12) then A = TM ⊕ G with the anchor IdTM ⊕ 0 and the Lie
bracket on Γ(A) given by
[X+U, Y+V]A = [X, Y]+ {Ω(Y, X)+ [U,V]G+∇XV −∇YU}, X, Y ∈ Γ(TM),U,V ∈ Γ(G) (13)
is a transitive Lie algebroid.
A transitive Euclidean Lie algebroid is a transitive Lie algebroid (A,M, ρ) together with an
Euclidean product 〈 , 〉A on the vector bundle πA : A −→ M. There are two important objects
naturally associated to (A,M, ρ, 〈 , 〉A).
1. A splitting of the Atiyah sequence of A which induces a Riemannian metric on M. Indeed,
For any x ∈ M, we denote by G⊥x the orthogonal of Gx with respect to 〈 , 〉A thus
A = G ⊕ G⊥.
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The restriction of ρ to G⊥ is an isomorphism onto TM and its inverse γ : TM −→ G⊥ de-
fines a splitting of the Atiyah sequence. We denote by Ωγ and ∇γ the associated curvature
and connection defined by (9). It follows from what above that A as a transitive Euclidean
Lie algebroid is canonically isomorphic to TM ⊕G with the Lie bracket given by (13), the
anchor IdTM⊕0 and the Euclidean product 〈 , 〉TM⊕〈 , 〉G, where 〈 , 〉G is the restriction of
〈 , 〉A to G and 〈 , 〉TM is the Riemannian metric on M given by 〈X, Y〉TM = 〈γ(X), γ(Y)〉A.
2. The analogous of the Levi-Civita connection. Indeed, the Koszul formula
2〈Dab, c〉A = ρ(a).〈b, c〉A + ρ(b).〈a, c〉A − ρ(c).〈a, b〉A (14)
+〈[c, a]A, b〉A + 〈[c, b]A, a〉A + 〈[a, b]A, c〉A, a, b, c ∈ Γ(A)
defines a R-bilinear map D : Γ(A) × Γ(A) −→ Γ(A) characterized by the following three
properties:
(i) D f ab = fDab,Da( f b) = ρ(a)( f )b + fDab, for any a, b ∈ Γ(A), f ∈ C∞(M),
(ii) D is metric, i.e., ρ(a).〈b, c〉A = 〈Dab, c〉A + 〈b,Dac〉A,
(iii) D is torsion free, i.e.,Dab −Dba = [a, b]A.
ThusD is a connection on the Lie algebroid A well-known as the Levi-Civita connection
associated to the Euclidean Lie algebroid A. The reader can consult [8, 10] for a detailed
study of connections on Lie algebroids.
For our purpose, we extract from the splitting γ andD the necessary ingredients for defining
generalized Cheeger-Gromoll metrics on the Euclidean bundle A. Indeed, we have already de-
fined a Riemannian metric 〈 , 〉TM on M. We define now a connection ∇A on the vector bundle
A by
∇AXa = Dγ(X)a, X ∈ Γ(TM), a ∈ Γ(A), (15)
and sinceD is metric, ∇A preserves 〈 , 〉A. Hence, according to the last section, we can define the
family of generalized Cheeger-Gromoll metrics on A. The O’Neill shape tensor of these metrics
is given by the curvature of ∇A. From the definition of ∇A, it is clear that R∇A is an invariant of
the transitive Euclidean Lie algebroid structure.
Definition 3.1. Let A be a transitive Euclidean Lie algebroid. We call the tensor field R∇
A
principal curvature of A.
In order to compute the principal curvature we need to explicit the expression of the Levi-
Civita connectionD.
Thank to the splitting γ,D can be computed by the means of the Levi-Civita connection ∇M
of (M, 〈 , 〉TM), the Levi-Civita product D̂ associated to (G, 〈 , 〉G) and given by
2〈D̂UV,W〉G = 〈[U,V]G,W〉G + 〈[W,V]G,U〉G + 〈[W,U]G,V〉G, U,V,W ∈ Γ(G), (16)
and the analogous O’Neill tensors [16] (see [7] for a detailed presentation) T and H elements of
Γ(A∗ ⊗ A∗ ⊗ A) whose values on two sections a, b ∈ Γ(A) are given by
Tab = (Datbt)⊥ + (Datb⊥)t and Hab = (Da⊥bt)⊥ + (Da⊥b⊥)t, (17)
where at is the projection on G and a⊥ is the projection on G⊥. Indeed, we have the following
relations which sum up all the properties of D, H and T and which are easy to establish using
Koszul formula (14).
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Proposition 3.1. For any a, b ∈ Γ(A), any U,V ∈ Γ(G) and any X ∈ Γ(TM), we have
(i) Ta⊥ = Hat = 0, Ha⊥b
⊥ ∈ Γ(G), Ha⊥bt ∈ Γ(G⊥), Tatbt ∈ Γ(G⊥), Tatb⊥ ∈ Γ(G),
(ii) Ha⊥b
⊥
=
1
2
[a⊥, b⊥]t
A
= − 1
2
Ω
γ(ρ(a⊥), ρ(b⊥)), 〈TUV, γ(X)〉A = − 12∇
γ
X
(〈 , 〉G)(U,V),
(iii) 〈Ha⊥bt, c⊥〉A = −〈Ha⊥c⊥, bt〉A, 〈Tatb⊥, ct〉A = −〈Tatct, b⊥〉A,
(iv) DUV = D̂UV + TUV,Da⊥b⊥ = γ(∇Mρ(a⊥)ρ(b⊥)) + Ha⊥b⊥,
(v) Datb⊥ = Hb⊥at + Tatb⊥,Da⊥bt = [a⊥, bt]A +Dbta⊥.
From Proposition 3.1, one can deduce easily the following relations between the connexions
∇A, ∇M and ∇γ:
∇AXYγ = (∇MX Y)γ + HXγYγ = (∇MX Y)γ −
1
2
Ω
γ(X, Y),
∇AXα = ∇γXα + TαXγ + HXγα, X, Y ∈ Γ(TM), α ∈ Γ(G), (18)
where Xγ = γ(X).
Having these formulas in mind we can compute now the expression of the principal curvature
of A.
Proposition 3.2. We have, for any X, Y, Z ∈ Γ(TM) and U ∈ Γ(G),
R∇
A
(X, Y)Zγ =
{
(RM(X, Y)Z)γ + HYγHXγZ
γ − HXγHYγZγ
}
+
{
THXγZγY
γ − THYγZγXγ −
1
2
∇M,γ
Z
Ω
γ(X, Y)
}
,
(R∇
A
(X, Y)U)t = R∇
γ
(X, Y)U + HYγHXγU − HXγHYγU + TU[X, Y]γ
−T∇γ
Y
UX
γ − ∇γ
X
TUY
γ − TTUYγXγ + T∇γXUY
γ
+ ∇γ
Y
TUX
γ
+ TTUXγY
γ,
〈R∇A(X, Y)U, Zγ〉A = −〈R∇A(X, Y)Zγ,U〉A,
where RM is the curvature of ∇M and R∇γ is the curvature of ∇γ and
∇M,γ
Z
Ω
γ(X, Y) = ∇γ
Z
Ω
γ(X, Y) −Ωγ(X,∇MZ Y) −Ωγ(∇MZ X, Y).
Proof. It is a straightforward computation using (18). Indeed,
R∇
A
(X, Y)Zγ = ∇A[X,Y]Zγ − ∇AX∇AYZγ + ∇AY∇AXZγ
= (∇M[X,Y]Z)γ −
1
2
Ω
γ([X, Y], Z) − ∇AX(∇MY Z)γ +
1
2
∇AXΩγ(Y, Z) + ∇AY (∇MX Z)γ −
1
2
∇AYΩγ(X, Z)
= (RM(X, Y)Z)γ − 1
2
Ω
γ([X, Y], Z) +
1
2
Ω
γ(X,∇MY Z) −
1
2
Ω
γ(Y,∇MX Z)
+
1
2
∇γ
X
Ω
γ(Y, Z) − THYγZγXγ − HXγHYγZγ −
1
2
∇γ
Y
Ω
γ(X, Z) + THXγZγY
γ
+ HYγHXγZ
γ.
Now put
Q = −1
2
Ω
γ([X, Y], Z) +
1
2
Ω
γ(X,∇MY Z) −
1
2
Ω
γ(Y,∇MX Z) +
1
2
∇γ
X
Ω
γ(Y, Z) − 1
2
∇γ
Y
Ω
γ(X, Z).
We have
2Q = −Ωγ([X, Y], Z) −Ωγ([Y, Z], X) + Ωγ(X,∇MZ Y) −Ωγ([Z, X], Y)
+Ω
γ(∇MZ X, Y) + ∇γXΩγ(Y, Z) + ∇γYΩγ(Z, X)
(12)
= −∇γ
Z
Ω
γ(X, Y) + Ωγ(X,∇MZ Y) + Ωγ(∇MZ X, Y)
= −∇M,γ
Z
Ω
γ(X, Y).
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Finally,
R∇
A
(X, Y)Zγ = (RM(X, Y)Z)γ+HYγHXγZ
γ−HXγHYγZγ+
{
THXγZγY
γ − THYγZγXγ −
1
2
∇M,γ
Z
Ω
γ(X, Y)
}
.
Let compute now R∇
A
(X, Y)U for U ∈ Γ(G). Put R∇A(X, Y)U = (R∇A(X, Y)U)⊥ + (R∇A(X, Y)U)t.
Since, for any Z ∈ Γ(TM),
〈(R∇A(X, Y)U)⊥, Zγ〉A = 〈R∇A(X, Y)U, Zγ〉A = −〈R∇A(X, Y)Zγ,U〉A,
it suffices to compute (R∇
A
(X, Y)U)t. Now
R∇
A
(X, Y)U = ∇A[X,Y]U − ∇AX∇AYU + ∇AY∇AXU
= ∇γ
[X,Y]
U + TU[X, Y]
γ
+ H[X,Y]γU − ∇AX∇γYU − ∇AXTUYγ − ∇AXHYγU
+∇AY∇γXU + ∇AYTUXγ + ∇AYHXγU
= R∇
γ
(X, Y)U + TU[X, Y]
γ
+ H[X,Y]γU − T∇γ
Y
UX
γ − HXγ∇γYU
−∇γ
X
TUY
γ − TTUYγXγ − HXγTUYγ − ∇AXHYγU + T∇γXUY
γ
+ HYγ∇γXU
+∇γ
Y
TUX
γ
+ TTUXγY
γ
+ HYγTUX
γ
+ ∇AYHXγU.
From (18), we have (∇A
X
HYγU)
t
= HXγHYγU and (∇AYHXγU)t = HYγHXγU and hence
(R∇
A
(X, Y)U)t = R∇
γ
(X, Y)U + HYγHXγU − HXγHYγU + TU[X, Y]γ
−T∇γ
Y
UX
γ − ∇γ
X
TUY
γ − TTUYγXγ + T∇γXUY
γ
+ ∇γ
Y
TUX
γ
+ TTUXγY
γ.
This completes the computation.
Remark 2. The expression of R∇
A
given above shows that it involves the curvature of M, the
curvature of the connection ∇γ on G and the curvature of the splitting γ. This creates a rich
geometric situation. The following proposition enhances this fact.
Proposition 3.3. Let (A,M, ρ, 〈 , 〉A) be a transitive Euclidean Lie algebroid and denote by ricM
and sM , respectively, the Ricci curvature and the scalar curvature of (M, 〈 , 〉TM). Then:
(i) If R∇
A
= 0 then, for any X, Y ∈ Γ(TM),
〈RM(X, Y)X, Y〉TM = 〈HXγYγ,HXγYγ〉A ≥ 0, ricM(X, Y) = 〈HXγ ,HYγ〉A and sM = |H|2,
where
〈HXγ ,HYγ 〉A =
n∑
i=1
〈HXγEγi ,HYγEγi 〉A and |H|2 =
n∑
i=1
〈HEγ
i
,HEγ
i
〉A
and (E1, . . . , En) is a local orthonormal frame on M. In this case the sectional curvature
of (M, 〈 , 〉TM) is non-negative and it vanishes if and only if RM = 0.
(ii) If R∇
A
= 0 and T = 0 then ∇M,γΩγ = 0, ∇M,γ(R∇γ ) = 0 and ∇M(RM) = 0. In particular,
(M, 〈 , 〉TM) is locally symmetric.
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Proof. FromProposition 3.2, if R∇
A
vanishes then the vertical and the horizontal part of R∇
A
(X, Y)Zγ
vanish, i.e.,
(RM(X, Y)Z)γ + HYγHXγZ
γ − HXγHYγZγ = 0 and ∇M,γZ Ωγ(X, Y) = 2THXγZγYγ − 2THYγZγXγ.
Since HXγ is skew-symmetric with respect to 〈 , 〉A, we get
〈RM(X, Y)Z, S 〉TM = 〈HXγZγ,HYγS γ〉G − 〈HYγZγ,HXγS γ〉G, (∗)
and the formulas in part (i) follow. Moreover, if T = 0 then from the second formula, we get that
∇M,γ
Z
Ω
γ
= 0, i.e., Ωγ is parallel with respect the connections ∇M and ∇γ. This means that if c is a
curve in M joining two points x, y, τM : TxM −→ TyM the parallel transport along c associated
to ∇M and τγ : Gx −→ Gy the parallel transport along c associated to ∇γ then
Ω
γ(τMX, τMY) = τγΩγ(X, Y).
Note that since T = 0, we have from Proposition 3.1 that ∇γ(〈 , 〉G) = 0 and hence τγ is an
isometry. So from (∗) we get, since HXγYγ = −2Ωγ(X, Y),
〈RM(τMX, τMY)τMZ, τMS 〉TM = 〈τγHXγZγ, τγHYγS γ〉G − 〈τγHYγZγ, τγHXγS γ〉G
= 〈HXγZγ,HYγS γ〉G − 〈HYγZγ,HXγS γ〉G
= 〈RM(X, Y)Z, S 〉TM.
Thus (τM)−1RM(τMX, τMY)τMZ = RM(X, Y)Z which shows that RM is parallel with respect to
∇M . A same argument shows that ∇M,γ(R∇γ ) = 0 and completes the proof.
The following theorem sum up all what we have seen so far in this section and gives all what
one needs to know in order to study natural metrics, in general, and generalized Cheeger-Gromoll
metrics, in particular, on transitive Euclidean Lie algebroids.
Theorem 3.1. Any transitive Euclidean Lie algebroid A can be canonically identified to TM⊕G
where (M, 〈 , 〉TM) is Riemannian manifold, G a vector bundle of Lie algebras endowed with
an Euclidean product 〈 , 〉G. The Euclidean product on A is given by 〈 , 〉TM ⊕ 〈 , 〉G, the
anchor by IdTM ⊕ 0 and the Lie bracket is given by (13), where ∇ is a linear connection on G
and Ω ∈ Ω2(M,G) satisfying (10)-(12). Moreover, let T and H in Γ(A∗ ⊗ A ⊗ A) given, for any
X, Y ∈ Γ(TM) and U,V ∈ Γ(G), by
HU = 0, HXY = −1
2
Ω(X, Y), 〈HXU, Y〉TM = −〈U,HXY〉G,
TX = 0, 〈TUV, X〉TM = −1
2
∇X(〈 , 〉G)(U,V), 〈TUX,V〉G = −〈X, TUV〉TM .
The connexion ∇A on A given by
∇AXY = ∇MX Y + HXY and ∇AXU = ∇XU + TUX + HXU
preserves the Euclidean product on A and its curvature is given, for any X, Y, Z ∈ Γ(TM) and
U ∈ Γ(G), by
R∇
A
(X, Y)Z =
{
RM(X, Y)Z + HYHXZ − HXHYZ
}
+
{
THXZY − THYZX −
1
2
∇M,∇
Z
Ω(X, Y)
}
,
(R∇
A
(X, Y)U)t = R∇(X, Y)U + HYHXU − HXHYU + TU[X, Y]
−T∇YUX − ∇XTUY − TTUYX + T∇XUY + ∇YTUX + TTUXY,
〈R∇A(X, Y)U, Z〉A = −〈R∇A(X, Y)Z,U〉A,
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where RM is the curvature of ∇M and R∇ is the curvature of ∇ and
∇M,∇
Z
Ω(X, Y) = ∇ZΩ(X, Y) −Ω(X,∇MZ Y) −Ω(∇MZ X, Y).
Remark 3. It is important to notice that the definition of ∇A in Theorem 3.1 doesn’t involve the
Lie bracket on Γ(G) and, in the proof of Proposition 3.2, to get the expression of R∇A we have
used only the fact that d∇Ω = 0. So if one is not interested about the Lie algebroid bracket,
he can build an Euclidean vector bundle with a connection and a parallel Euclidean metric by
considering a Riemannian manifold (M, 〈 , 〉TM), an Euclidean vector bundle B −→ M with a
connection ∇ and Ω ∈ Ω2(M, B) satisfying d∇Ω = 0 and build A = TM ⊕ B with the Euclidean
product 〈 , 〉TM ⊕ 〈 , 〉B and the connection ∇A as in Theorem 3.1. The curvature of ∇A is given
as in Theorem 3.1. This gives a more general situation where one can study natural metrics.
4. Characterization of Atiyah Euclidean Lie algebroids
Atiyah Lie algebroids associated to principal bundles constitute a large class of transitive
Lie algebroids and, actually, any integrable transitive Lie algebroid in the sense of being the
Lie algebroid of a Lie groupoid is an Atiyah Lie algebroid (see [14]). When endowed with
an Euclidean product these Euclidean Lie algebroids could be build as in Theorem 3.1. We
devote this section to give a precise description of Atiyah Euclidean Lie algebroids in the spirit
of Theorem 3.1. In particular, we will give a precise description of the Atiyah Lie algebroid
associated to the principal bundle of orthonormal frames over a Riemannian manifold and we
will show that it carries a natural family of Euclidean products which make it an ideal candidate
for carrying natural metrics.
One can consult [13] for a detailed treatment of Atiyah Lie algebroids.
Through this section P(M, ζ,G) is a principal G-bundle ζ : P −→ M. Let start by defining
the Atiyah Lie algebroid associated to P(M, ζ,G).
Let Γ(TP)G and Γ(VP)G denote, respectively, theC∞(M)-module ofG-invariant vector fields
on P and its subspace of vertical vector fields. Any vector field in Γ(TP)G is ζ-projectable on a
vector field on M and we have an exact sequence of C∞(M)-modules
0 −→ Γ(VP)G −→ Γ(TP)G dζ−→ Γ(TM) −→ 0, (19)
which is also an exact sequence of real Lie algebras.
Let g = Lie(G) endowed with the Lie bracket [ , ]g obtained from the identification of g with
the space of left invariant vector fields and denote by Ra : u ∈ P 7→ u.a ∈ P the diffeomorphism
that is induced by the right action of a ∈ G on P. Consider P ×G g the quotient of P × g by the
action a.(u, κ) = (u.a,Ada−1κ). This is a vector bundle overM and we denote by ζ0 : P×Gg −→ M
the natural projection. We identify Γ(P ×G g) with the space C∞(P, g)G of smooth applications
s : P −→ g satisfying s(u.a) = Ada−1 s(u) for any a ∈ G and any u ∈ P. We define
V : C∞(P, g)G −→ Γ(VP)G, s 7→ V s,
where V s is the complete vector field on P whose flow φs is given by φs(t, u) = u. exp(−ts(u)).
The map V defines an isomorphism of vector space which is, actually, an isomorphism of Lie
algebras. Indeed, we have the following formulas which are part of the folklore:
[V s1 ,V s2] = V [s1,s2]g , [U,V s] = VU(s) and V s1(s2) = [s1, s2]g, (20)
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where s, s1, s2 ∈ C∞(P, g)G,U ∈ Γ(TP)G.We have chosen a minus sign in the definition of φs in
order to avoid a minus sign in the first formula above.
There exists an unique Lie algebroid, up to an isomorphism, whose the exact sequence of Lie
algebras associated to its Atiyah sequence is isomorphic to (19). Indeed, over any point m ∈ M,
we define an equivalence relation of tangent vectors to P. If ζ(u) = m, a ∈ G, Xu ∈ TuP, and
Xu.a ∈ Tu.aP, the vectors Xu and Xu.a are said to be equivalent if and only if Xu.a = (TuRa)(Xu).
The equivalence classes of this relation form a vector space Am isomorphic to TuP, and the
disjoint union A =
⋃
m∈M Am is a vector bundle πA : A −→ M of rank dim P = dimM + dimG.
Since ζ ◦ Ra = ζ , it is clear that the image of a tangent vector Xu by the surjection Tuζ :
TuP −→ TmM does not depend on the representative Xu of the class [Xu] ∈ Am. Hence, we get a
well-defined surjection ρm : Am −→ TmM, as well as a surjective bundle map ρ : A −→ TM over
the identity. This map will be the anchor of the Atiyah algebroid associated with the principal
bundle P(M, ζ,G).
The map τ : Γ(TP)G −→ Γ(A), U 7→ τ(U), where τ(U)(ζ(u)) = [U(u)] is an isomorphism
of C∞(M)-modules and hence there exists an unique Lie bracket [ , ]A on Γ(A) such that τ is an
isomorphism of Lie algebras and τ(Γ(VP)G) = Γ(G) where G is the adjoint Lie algebroid of A.
We get a transitive Lie algebroid (A,M, ρ, [ , ]A) known as the Atiyah algebroid of P(M, ζ,G).
Let γ : TM −→ A be a splitting of the Atiyah Lie algebroid and consider ∇γ and Ωγ ∈
Ω
2(M,G) which are defined by (9). It defines a C∞(M)-module homomorphism γ : Γ(TM) −→
Γ(A) and hence a splitting τ−1 ◦ γ : Γ(TM) −→ Γ(TP)G of (19). Put, for any U = τ−1 ◦ γ(X) and
s ∈ C∞(P, g)G
ω(U) = 0 and ω(V s) = −s.
One can check easily that this defines ω ∈ Ω1(P, g) which is G-invariant and hence a connection
1-form on P. The associated G-invariant horizontal distribution is given by HTP(u) = {τ−1 ◦
γ(X)(u) : X ∈ Γ(TM)}. For any X ∈ Γ(TM), denote by Xω = τ−1 ◦ γ(X) which is the horizontal
left of X. For any, X, Y ∈ Γ(TM), we have
dω(Xω, Yω) = −ω([Xω, Yω])
= −ω(τ−1([γ(X), γ(Y)]A))
(9)
= ω(τ−1(Ωγ(X, Y)))
= −K(X, Y),
where K(X, Y) is the unique element of C∞(P, g)G satisfying τ(VK(X,Y)) = Ωγ(X, Y). Moreover,
for any s ∈ C∞(P, g)G and any X ∈ Γ(TM),
∇γ
X
τ(V s)
(9)
= [γ(X), τ(V s)]A = [τ(X
ω), τ(V s)] = τ([Xω,V s])
(20)
= τ(VX
ω(s)).
The splitting γ defines an identification of A with TM⊕Gwith the Lie bracket given by (13). But
G can be identified to P ×G g by the mean of τ−1 : Γ(G) −→ Γ(VTP)G and V−1 : Γ(VTP)G −→
C∞(P, g)G. The following result sum up all what we have seen so far.
Proposition 4.1. 1. There is a correspondence between the splittings of the Atiyah Lie alge-
broid A and the 1-form connections of P.
2. For any splitting γ : TM −→ A of the Atiyah Lie algebroid of P(M, ζ,G) there exists a
connection 1-form ω ∈ Ω1(P, g) such that A is isomorphic to TM ⊕ P×G g with the anchor
IdTM ⊕ 0 and the Lie bracket given by
[X + s1, Y + s2]A = [X, Y] +
{
dω(Xω, Yω) + Xω(s2) − Yω(s1) + [s1, s2]g} , (21)
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where X, Y ∈ Γ(TM), s1, s2 ∈ C∞(P, g)G.
3. For any 1-from connection ω on P, the bracket given by (21) defines a Lie algebroid struc-
ture on TM ⊕ P ×G g which is isomorphic to the Atiyah Lie algebroid of P(M, ζ,G).
Since any Euclidean product on A comes with a splitting and an Euclidean product on G.
When we identify G to P ×G g, we get also an Euclidean product on P ×G g which is entirely
determined by smooth map h : P −→ ⊗2g∗, u 7→ hu with hu is an Euclidean product on g
satisfying hu.a = Ada−1hu. So, we get the following corollary.
Corollary 4.1. Let 〈 , 〉A be an Euclidean product on the Atiyah Lie algebroid A associated to
P(M, ζ,G). Then there exists a connection one-form ω ∈ Ω1(P, g), a Riemannian metric 〈 , 〉TM
on M, an Euclidean product h : P −→ ⊗2g∗ such that (A, 〈 , 〉A) is canonically isomorphic as a
transitive Euclidean Lie algebroid to TM ⊕ (P ×G g) with the anchor IdTM ⊕ 0, the Lie bracket
given by (21) and the Euclidean product given
〈X + s1, Y + s2〉A(ζ(u)) = 〈X, Y〉TM(ζ(u)) + hu(s1(u), s2(u)), X, Y ∈ Γ(TM), s1, s2 ∈ C∞(P, g)G.
Moreover, the tensor H and T defined in Theorem 3.1 are given by HXY =
1
2
dω(Xω, Yω) and
〈T s1 s2, X〉TM = − 12LXωh(s1, s2), where
LXωh(s1, s2) = Xω.h(s1, s2) − h(Xω(s1), s2) − h(s1, Xω(s2)).
Conversely, any Riemannian metric on M, any connection 1-form on P and any Euclidean prod-
uct on P ×G g define a transitive Euclidean Lie algebroid structure on TM ⊕ P ×G g as above.
As an application of Proposition 4.1 and Corollary 4.1, we describe now the Atiyah Lie
algebroid of the O(n)-principal bundle of orthonormal frames over a Riemannian manifold and
we endow it with a family depending on one parameter of Euclidean product.
Theorem 4.1. Let (M, 〈 , 〉TM) be a Riemannian manifold, O(TM) the O(n)-principal bundle of
orthonormal frames over M and so(TM) =
⋃
m∈M so(TmM) where so(TmM) is the Lie algebra of
skew-symmetric endomorphisms of TmM. Then the Atiyah Lie algebroid of O(TM) is canonically
isomorphic to TM ⊕ so(TM) with anchor IdTM ⊕ 0 and the Lie bracket given by
[X + F, Y +G]A = [X, Y] +
{
∇MX (G) − ∇MY (F) + [F,G] − RM(X, Y)
}
,
where F,G ∈ Γ(so(TM)), X, Y ∈ Γ(TM), RM is the curvature of ∇M , a section of so(TM) is seen
as a skew-symmetric bundle homomorphism and [F,G] = F ◦G −G ◦ F.
Proof. Recall that O(TM) over M consisting of (m, z) such that z : Rn −→ TmM is an isometry
where Rn is induced with its canonical Euclidean metric, TmM with 〈 , 〉mTM and ζ : O(TM) −→
M, (m, z) 7→ m. The Levi-Civita connection ∇M of M defines a connection 1-form ω on O(TM)
which can be described as follows. For any X ∈ Γ(TM) and s ∈ C∞(O(TM), so(n))O(n)
ω(Xω) = 0 and ω(V s) = −s,
where Xω is the vector field on O(TM) given by
Xω(m, z) =
d
dt |t=0
τ0,t ◦ z
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and τ0,t : TmM −→ TφX(m,t)M is the parallel transport along the curve s −→ φX(s,m) and φX
is the flow of X. According to Proposition 4.1, ω defines a Lie algebroid structure on TM ⊕
O(TM) ×O(n) so(n) whose Lie bracket is given by (21). Now O(TM) ×O(n) so(n) has a natural
identification with so(TM) via [(m, z), A] 7→ z ◦ A ◦ z−1. Hence TM ⊕ so(TM) carries a structure
of Lie algebroid isomorphic to the Atiyah Lie algebroid of O(TM) with anchor IdTM ⊕ 0. Let
compute the Lie bracket obtained from (21) when we identify O(TM) ×O(n) so(n) with so(TM).
At the level of the space of sections the identification is given by
Γ(so(TM)) −→ C∞(O(TM), so(n))O(n), F 7→ sF (m, z) = z−1 ◦ Fm ◦ z.
We have, for any X ∈ Γ(TM),
Xω(sF)(m, z) =
d
dt |t=0
sF (φ
X
t (m), τ
0,t ◦ z)
=
d
dt |t=0
z−1 ◦ (τ0,t)−1 ◦ FφXt (m) ◦ τ0,t ◦ z
= z−1 ◦ ∇MX(m)(F) ◦ z.
On the other hand, we have, for any X, Y ∈ Γ(TM),
[Xω, Yω] − [X, Y]ω = −Vω([Xω,Yω]).
By using (20) and the expression of Xω(sF) obtained above, we get for any F ∈ Γ(so(TM)),
[sF , ω([X
ω, Yω])]so(n)(m, z) = −Vω([Xω ,Yω])(sF)(m, z)
= z−1 ◦
(
RMX,Y(F)
)
◦ z,
where RM
X,Y is the curvature of ∇M as a connection on the vector bundle so(TM). Or RMX,Y(F) =
[RM(X, Y), F]. Thus
[sF , ω([X
ω, Yω])]so(n) = [sRM(X,Y), sF ]so(n)
and since the center of so(n) is trivial we get ω([Xω, Yω]) = sRM(X,Y) which completes the proof.
Since the vector bundle so(TM) has a natural Euclidean product obtained by considering
the Killing form on each fiber, we get the following class of transitive Euclidean Lie algebroids
associated naturally to any Riemannian manifold.
Definition 4.1. Let (M, 〈 , 〉TM) be a Riemannian manifold and k > 0. We denote by AO(M, k)
the transitive Euclidean Lie algebroid TM ⊕ so(TM) obtained in Theorem 4.1 and endowed with
the Euclidean product
〈X + F, Y +G〉k = 〈X, Y〉TM − ktr(F ◦G).
We call AO(M, k) the k-Atiyah Euclidean Lie algebroid of (M, 〈 , 〉TM). Note that for AO(M, k)
we have T = 0 and
HXY = −1
2
RM(X, Y) and 〈HXF, Y〉TM = −1
2
ktr(F ◦ RM(X, Y)).
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5. Generalized Cheeger-Gromoll metrics on the k-Atiyah Euclidean Lie algebroid over a
space form
This section is mainly devoted to give a proof of Theorem 1.3. We consider a Riemannian
manifold (M, 〈 , 〉TM) of dimension n and AO(M, k) its k-Atiyah Euclidean Lie algebroid defined
in Definition 4.1. The connection ∇A on the Euclidean Lie algebroid AO(M, k) defined in (15) is
given by virtue of Theorem 3.1, for any X, Y ∈ Γ(TM) and F ∈ Γ(so(TM)), by
∇AXY = ∇MX Y −
1
2
RM(X, Y) and ∇AXF = ∇MX (F) + HXF, 〈HXF, Y〉TM = −
1
2
ktr(F ◦ RM(X, Y)).
As in Section 2, we endow AO(M, k) with the family of generalized Cheeger-Gromoll metrics
hp,q thanks to ∇A (see (5)). Recall that the O’Neill shape tensor of the Riemannian submersion
π : (AO(M, k), hp,q) −→ (M, 〈 , 〉TM) is given by
BXhY
h(a) =
1
2
(R∇
A
(X, Y)a)v,
where Xh is the vector field on AO(M, k) the horizontal left of X. Put
|B|2 =
∑
i
hp,q(BXh
i
, BXh
i
) and hp,q(BXh
i
, BXh
i
) =
∑
j,i
hp,q(BXh
i
Xhj , BXhi
Xhj ),
where (Xi)
n
i=1
is any local orthonormal frame on M.
For any X, Y ∈ Γ(TM), X ∧ Y is the skew-symmetric endomorphism of TM given by
X ∧ Y(Z) = 〈Y, Z〉TMX − 〈X, Z〉TMY.
Proposition 5.1. Suppose that (M, 〈 , 〉TM) has constant sectional curvature c and put ̟ =
1
4
c(2 − ck). Then, for any X, Y ∈ Γ(TM) and F ∈ Γ(so(TM)),
1. R∇
A
(X, Y)Z = −2̟X ∧ Y(Z) and R∇A(X, Y)F = −2̟[X ∧ Y, F],
2. |B|2(Z + F) = 2̟2ωp
(
(n − 1)|Z|2 + 2(n − 2)|F |2
)
, where |F |2 = −ktr(F2).
Proof. 1. We have HXY = − 12RM(X, Y) = 12cX∧Y. Moreover, since the curvature is constant
then ∇M(RM) = 0 which implies that Ω is also parallel and hence, according to Theorem
3.1,
R∇
A
(X, Y)Z = RM(X, Y)Z+HYHXZ−HXHYZ and R∇A(X, Y)F = [RM(X, Y), F]+HYHXF−HXHYF.
Now if (Xi)
n
i=1
is local frame of orthonormal vector fields then
〈HXF, Y〉TM = −1
2
ktr(F ◦ RM(X, Y)) = −1
2
ck
n∑
i=1
〈F(Xi), X ∧ Y(Xi)〉TM
= −1
2
ck
n∑
i=1
(〈Y, Xi〉TM〈F(Xi), X〉TM − 〈X, Xi〉TM〈F(Xi), Y〉TM)
= −ck〈F(Y), X〉TM.
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Thus HXF = ckF(X). So
[HY ,HX]Z =
1
2
(HYR
M(Z, X) + HXR
M(Y, Z))
=
1
2
ck(RM(Z, X)Y + RM(Y, Z)X)
= −1
2
ckRM(X, Y)Z.
Thus
R∇
A
(X, Y)Z =
1
2
(2 − ck)RM(X, Y)Z = −1
2
c(2 − ck)X ∧ Y(Z).
On the other hand,
[HY ,HX]F = ck(HYF(X) − HXF(Y))
= −1
2
ck(RM(Y, F(X))+ RM(F(Y), X)),
= −1
2
c2k([F, X ∧ Y]).
This completes the proof of the first part.
2. We have, for a = Z + F,
hp,q(BXhY
h, BXhY
h)(a) =
1
4
hp,q((R
∇A(X, Y)a)v, (R∇
A
(X, Y)a)v)
=
1
4
ωp〈R∇A(X, Y)a,R∇A(X, Y)a〉A
=
1
4
ωp
(
〈R∇A(X, Y)Z,R∇A(X, Y)Z〉TM − ktr(R∇A(X, Y)F ◦ R∇A(X, Y)F)
)
.
Let pursue
〈R∇A(X, Y)Z,R∇A(X, Y)Z〉TM = 4̟2〈X ∧ Y(Z), X ∧ Y(Z)〉TM
= 4̟2|〈Y, Z〉TMX − 〈X, Z〉TMY |2
= 4̟2(〈Y, Z〉2TM |X|2 + 〈X, Z〉2TM |Y |2 − 2〈Y, Z〉TM〈X, Z〉TM〈X, Y〉TM).
On the other hand,
[X ∧ Y, F](Xi) = 〈F(Xi), Y〉TMX − 〈F(Xi), X〉TMY − 〈Y, Xi〉TMF(X) + 〈X, Xi〉TMF(Y).
Thus
|[X ∧ Y, F](Xi)|2 = 〈F(Xi), Y〉2TM |X|2 + 〈F(Xi), X〉2TM |Y |2 + 〈Y, Xi〉2TM |F(X)|2 + 〈X, Xi〉2TM |F(Y)|2
−2〈F(Xi), Y〉TM〈F(Xi), X〉TM〈X, Y〉 + 2〈F(Xi), Y〉TM〈X, Xi〉〈X, F(Y)〉TM
+2〈F(Xi), X〉TM〈Y, Xi〉TM〈Y, F(X)〉TM − 2〈Y, Xi〉TM〈X, Xi〉TM〈F(X), F(Y)〉TM∑
|[X ∧ Y, F](Xi)|2 = 2|F(Y)|2|X|2 + 2|F(X)|2|Y |2 − 4〈X, Y〉TM〈F(X), F(Y)〉TM − 4〈F(X), Y〉2TM
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So if |X| = |Y | = 1 and 〈X, Y〉TM = 0 we get
̟−2ω−php,q(BXhY
h, BXhY
h)(a) = 〈Y, Z〉2TM + 〈X, Z〉2TM + 2k(|F(Y)|2 + |F(X)|2 − 2〈F(X), Y〉2TM).
We have
|B|2 =
∑
i
hp,q(BXi , BXi).
Now
hp,q(BXi , BXi) =
∑
j,i
hp,q(BXiX j, BXiX j)
= ̟2ωp
∑
j,i
(
〈X j, Z〉2TM + 〈Xi, Z〉2TM + 2k(|F(X j)|2 + |F(Xi)|2 − 2〈F(Xi), X j〉2TM)
)
= ̟2ωp
(
|Z|2 + (n − 2)〈Xi, Z〉2TM + 2k(k−1|F |2 + (n − 2)|F(Xi)|2 − 2|F(Xi)|2
)
.
So
|B|2 = ̟2ωp
(
(2n − 2)|Z|2 + 2(2n − 4)|F |2
)
.
Note that when c > 0, AO(M, 2/c) has a vanishing principal curvature and one can deduce
from Corollary 2.1 and Corollary 2.3 the following result.
Theorem 5.1. If (M, 〈 , 〉TM) has constant sectional curvature c > 0 then:
1. (AO(M, 2/c), h0,0) is locally symmetric with a non-negative sectional curvature and con-
stant scalar curvature n(n − 1)c.
2. (AO(M, 2/c), h2,0) is locally symmetric with a non-negative sectional curvature and con-
stant scalar curvature n(n− 1)c+ 4r(r− 1). Moreover, if c = 4(r−1)
n−1 then (AO(M, 2/c), h2,0)
is Einstein with the Einstein constant 4(r − 1).
We end this work by giving a proof of Theorem 1.3.
Proof. The scalar curvature of h1,1 on AO(M, k) is given by
sA = sM + sv − |B|2,
where sM is the scalar curvature of M, sv the scalar curvature of the fiber and B the O’Neill shape
tensor. By using Proposition 2.2 and 5.1, we get
sA = n(n−1)c+ (r − 1)
(1+ t)3
(
(r − 2)t3 + 4(r − 2)t2 + 6(r − 1)t + 3r
)
− 2̟
2
1 + t
(
(n − 1)|Z|2 + 2(n − 2)|F |2
)
, t = |Z|2+|F |2,
where r =
n(n+1)
2
is the rank of the vector bundle AO(M, k). Or
(r − 1)
(1 + t)3
(
(r − 2)t3 + 4(r − 2)t2 + 6(r − 1)t + 3r
)
=
r − 1
α2
(6 + (r − 2)(α2 + α + 1)), α = 1 + t.
So
sA = n(n − 1)c + r − 1
α2
(6 + (r − 2)(α2 + α + 1)) − 2̟
2
α
(
(n − 1)|Z|2 + 2(n − 2)|F |2
)
.
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So if c = 0 then sA > 0. So we suppose c , 0.
If n = 2 then r = 3 and by writing |Z|2 = α − 1 − |F |2 we get
α2sA = 2(c + 1 −̟2)α2 + 2(1 +̟2)α + 14 + 2̟2α|F |2.
If n ≥ 3 then by writing |F |2 = α − 1 − |Z|2 we get
α2sA = (n(n−1)c+(r−1)(r−2)−4̟2(n−2))α2+((r−1)(r−2)+4̟2(n−2))α+(r−1)(r+4)+2(n−3)̟2α|Z|2.
The case n = 2. In this case sA > 0 if and only if c + 1 −̟2 ≥ 0. Since ̟ = 1
4
c(2 − ck), this is
equivalent to
k2c4 − 4kc3 + 4(c2 − 4c − 4) ≤ 0.
This is equivalent to ∆ = 4c6 − 4(c6 − 4c5 − 4c4) = 16c4(1 + c) ≥ 0 and
2(c − 2√1 + c)
c2
≤ k ≤ 2(c + 2
√
1 + c)
c2
.
Since k > 0 then we must have c + 2
√
1 + c > 0. If c > 0 this it is true. If c < 0 then
c + 2
√
1 + c > 0 iff
c2 − 4c − 4 < 0.
This equivalent to c > 2(1 −
√
2).
The case n ≥ 3. In this case sA > 0 if and only if (n(n− 1)c+ (r− 1)(r− 2)− 4̟2(n− 2) ≥ 0.
Since ̟ = 1
4
c(2 − ck), and if we put a = n(n − 1), b = (r − 1)(r − 2) and d = 4(n − 2) this is
equivalent to
k2dc4 − 4kdc3 + 4(dc2 − 4ac − 4b) ≤ 0.
This is equivalent to ∆ = 4d2c6 − 4(d2c6 − 4dac5 − 4dbc4) = 16c4d(b + ac) ≥ 0 and
2(cd − 2√d
√
b + ac)
dc2
≤ k ≤ 2(cd + 2
√
d
√
b + ac)
dc2
.
Since k > 0 then cd + 2
√
d
√
b + ac > 0. if c > 0 then it is true. If c < 0 this is equivalent to
c2d − 4ac − 4b < 0.
This is equivalent to
c >
2(a −
√
a2 + bd)
d
and c > −b
a
.
Or − b
a
<
2(a−
√
a2+bd)
d
so sA > 0 if and only if
c >
2(a −
√
a2 + bd)
d
and 0 < k ≤ 2(cd + 2
√
d
√
b + ac)
dc2
.
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